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Abstract

Underactuated nonlinear systems are always equipped with less number of
actuators than the degree of freedom. This feature offers certain benefits like
reduction in weight and minimum energy usage. Majority of the robotic systems
(including aerial, underwater and ground robotics) are found to be
underactuated in nature. Therefore, research in such system is still quite
demanding and challenging. It is also worthy to mention that the underactuation
phenomenon, do not allow the direct design of control input as practiced in fully
actuated systems. Majority of the techniques in literature lags the robust
stabilization of underactuated mechanical systems.

In this work , the author suggests non-linear robust control techniques for
underactuated mechanical systems which includes sliding mode control, adaptive
backstepping, Input/Output feedback linearization. The proposed framework is
applicable to n-DOF underactuated mechanical systems.

Firstly, input/output feedback linearization control technique is proposed for
2DOF systems regarding matched uncertainties. Secondly, adaptive backstepping
algorithm is proposed for 2DOF systems. In the third scheme, the systems are
transformed using transformation and a standard SMC design is proposed
regarding 2DOF underactuated mechanical systems.

The first three strategies are applicable to 2DOF UMS systems. To overcome
this hurdle, finally the adaptive sliding mode control strategy for n-DOF systems
regarding the matched uncertainties is presented. The proposed control
techniques are verified for following underactuated mechanical systems: cart-pole
system, TORA (Translational Oscillator with Rotational Actuator), overhead
crane system and double inverted Pendulum, to achieve the improved
performance together with the added benefit of remarkable robustness to

uncertainties.
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Chapter 1

Introduction

This chapter presents the research work carried out in this thesis. First, the author
explains how inspiration for this work was developed and then clearly pinpoints
the research problem and defines research objectives. The chapter also concludes

having an overview regarding this thesis.

1.1 Background and Motivation

Mechanical Systems are among typically the oldest systems invented by humans
to be employed as helping systems in their daily life. Nowadays, mechanical
systems are applied in almost every part of our society. The variety of such
systems is broad but their applications are different, such as; the basic types like
a wheel, a pulley, and the on-off valve on the water line, simple devices like a
sewing machine, bicycle, large systems such as the initial heavy steam engine,
and the more advanced and sophisticated systems for example today’s industrial
systems, automobile, robots, aerospace systems and marine systems.

With the passage of time these systems became more common in daily life and
their manual functioning became tiresome and less productive due to complex
structure and functionality. Humans began thinking to somehow get a grip or

automate these systems for better output each quantitatively and qualitatively.
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This kind of need and realization involving regulation or automation brought to
the development of Mechanical Control systems and hence the use of control
Theory in the field of Mechanics. Historically water levels regulator for steam
boiler by I. Pulzunov in 1765, and flyball governor for controlling the rate of
steam engine, mechanical system by James Watt in 1769, could be cited as
application of Automatic Feedback control in mechanical systems. State of the
art research and developments inside control theory on single front and advances
inside the technologies like electrical, digital and analog electronics,
microprocessors, microcontrollers and computers on other front, caused it to
design a more sophisticated mechanical systems. The results regarding these
systems, achievements by human beings are numerous and their impacts are
enormous reflected by the use of high performance in addition to quality systems
in modern day practical life.

From control point of view, mechanical control systems can be classified into the

following subclasses:

1. Fully Actuated Mechanical: Number of control inputs is equal to

number of degrees of freedom to be controlled.

2. Underactuated Mechanical Systems: Number of control inputs is less

as compared to the number of degree of freedom to be controlled.

3. Nonholonomic Systems: These Systems have non integrable first order

constraints on their velocities.

Typically the control problem of fully actuated systems is not really a big issue
because the matured nonlinear control techniques like feedback linearization are
available [1]. Desire for the control of nonholonomic systems started in 70's and
established be fully grown standalone discipline in the 90’s [2]. Historically,
nonholonomic systems are the most extensively studied systems evident from the
vast quantity of literature and are still subject of active study in the control

research groups. The most important purpose, which led to this kind of research
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along with other interesting control problems, is the fact that these systems fail
to satisfy the necessary condition of Brockett [3] for existence of continuous time
invariant state feedback control for stabilization. In fact, the beginning of
research interest in underactuated mechanical systems could be traced returning
to nonholonomic systems due to initial realization that nonholonomic systems
obey first order constraints while underactuated mechanical systems obey second
order constraints [4-6].

In the last ten years, research shifted from assumptive nature to practical when
the usefulness of underactuated mechanical systems seemed to be realized in
diverse applications of engineering and scientific importance. The wide range
application areas of UMS systems include industry, robotics, aerospace systems
and marine systems. Apart by practical applications, underactuated mechanical
systems have great importance in education and research of control theory
because prototype systems for higher order nonlinear systems. Both theoretical
importance  and  practical = usefulness  have added to  research
activities concentrated on the control and analysis of UMS systems in the last
twenty years [7, 8.

Underactuation arises due to fewer number of control actuators compared to the
number of degrees in order to be controlled. Reasons associated with
underactuation may be natural due to dynamics of system itself or even

intentional /artificial for some beneficial practical purpose, for example:

natural dynamics: helicopter, aircraft, underwater vehicle

low cost, low weight
e low power consumption: important in applications like aerospace

actuator failure

low system level complexity

Some examples of practical UMSs include the following:
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e Robotics: mobile robots and flexible-link joints.
e Aerospace: aircraft, helicopters, spacecrafts and satellites.
e Marine: underwater vehicles, ships and surface vessels

e Education and Research: The TORA System, The Acrobot, The double
Inverted Pendulum, The Overhead Crane, The Beam-and-Ball System, The
Cart-Pole System.

There are several excellent class based approaches for mechanical systems, for
example, Controlled Lagrangian [9, 10], energy based [11], IDA-PBC [12], hybrid
[13, 14], and input disturbance approach [15, 16], although these techniques lack
of robustness. Because of absence of direct independent control actuators for a
few number of the degree of freedom, UMS systems are more vulnerable to the
disturbances.  Standard SMC provides good measure the consequences of
disturbance and to make system responce robust.

The aforementioned discussion and analysis makes clear that the benefits of
UMS systems are numerous but their realization in practical applications is
usually restricted due to difficult control design. Presently there are good
research work in the literature but most are limited to the system by system
approach or lack of robustness and hence there is a need to research a novel

robust design approach applicable to UMS systems.

1.2 Modeling of Underactuated Mechanical

Systems

Following a brief introduction now we are going to study about the dynamic
modeling of UMS. For n degree mechanical systems the euler-lagrange

representation is [17]:

— " = :F(Q)U (1’1>
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here;

L(q, ¢) is Lagrangian

F(q) € ™™ Control input matrix

u € R™ Control input vector

q € R™ Configuration vector

In above, if m=rank(F)=n then such systems are called fully actuated systems,
but If m=rank(F)<n then such systems are called underactuated systems [18].

The vector form of eq (1.1) can be written as;

M(q)+C(q,4)q + G(q) = F(q)u (1.2)

here;

M (q) is positive definite symmetric inertia matrix
C(q,q)q is centrifugal and coriolis term

G(q) is gravitational term

The lagrangian of a system can be written as;

L(g.) = K(a.6) ~ v(a) = 30" M(a)as — v(0) (1.3

Lagrangian is the difference between kinetic energy and potential energy.

For general case F(q) = [Fi(q), F2(¢)]T and ¢ = [q1, ¢2]7 dynamics (1.2) can be

written as;
mii +maade + 1 + g1 = Fi(q)u
(1.4)
Ma1q1 + Moz + o + g2 = Fa(q)u
mip iz . ., . . . . .
M(q)= is positive definite symmetrical inertia matrix,
Mo M2

ci(q,¢) € R™™ and cy(q,4) € R™ are the coriolis and centrifugal terms,
g1(¢) € R"™ and ¢2(q) € R™ are the gravitational terms and u € R™ is the

vector of control inputs produced by m actuators. For Fi(q) = 0 and Fy(q) = 1,
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one may have

mi1Gr + mieGa +c1+ g1 =0

(1.5)
Ma1Gr + MaaGa + C2 + g2 = u
Where as for Fi(q) =1 and Fy(q) = 0, one may have
miiGr +mMigGa +c1 + g1 = u
(1.6)
ma1q1 + MaaGa + 2+ go =0
In this research work we are considering both the cases when Fj(q) = 0 and

Fy(q) = 1 and Fi(q) = 1 and Fy(q) = 0. Solving the first system in (1.5) for
¢y and ¢a, and then substituting the result in the second equation, (1.5) can be

written as:

mugr+a+g =u (1.7a)
MasGo + G+ G2 = u (1.7b)

where

ma1(q) = a1 — Moamyy My
ci(q,4) = o — mamiy )
91(9) = g2 — masmiz o1
Ma2(q) = Mag — marmyy mis
Ca(q,4) = ¢ — mamif ey

92(q) = g — maymiy g1
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Since ¢; € R"™ and ¢ € R™, dynamics (1.7) is a set of two second order systems

in state variables. The state space representation of (1.7) can be written as [19].

.I.'1:I2

Ty = fi+bi(z)u

ig = T4
Top-1 = T2

i?n = fn + bn(x)u

Here © = [v1,20,73...,%0, 1,%2,]7 is the state vector fi(x) and b;(z),
1=1,2,3,4..
....n are the nonlinear functions of the states and w is the single control input.

For n = 2, the equation (1.9) can be written as:

i’l = T2
Ty = f1+ bi(z)u
(1.10)

T3 =14

j}4 = f1 + bg(&?)u

state space models of the Pendubot and inverted pendulum systems are

represented by (1.10). For n = 3 the equation (1.9) gives:

i‘l = X9
o = f1+ bi(x)u
1’3 = T4
(1.11)
Ty = fo+ ba(x)u

.T5:I6

Tg = f3+ bs(x)u
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1.3 Problem Statement and Research Objectives

Underactuated mechanical systems have assumptive and practical importance
along with the added benefits of underactuation. But the advantages associated
with underactuation come at a higher cost of difficult control design due to
complicated nonlinearity and control coupling. Lack of direct actuators for some
of the degrees of freedom makes UMS systems more susceptible to model
uncertainties and external disturbances. Greater possibility of mismatch between
the real plant and their mathematical model on which control synthesis is based
results in external disturbances and model uncertainties are common in practical
applications.  So designing robust nonlinear control techniques in order to
effectively control the complex nonlinear behavior of UMS systems in presence of
model uncertainties and external disturbances becomes an obviously significant
control problem. Solving this challenging problem will certainly help in the
realization of full advantages in addition to usefulness of underactuated
mechanical systems in high performance control applications. Non-linear control
techniques like backstepping and Sliding mode control [20, 21] can efficiently
control higher order complex nonlinear dynamics and provides robustness to
model uncertainties and external disturbances. There are other nonlinear control
techniques developed for mechanical systems for example energy based control
[11], Controlled Lagrangian method [9, 10], IDA-PBC [12], hybrid control
[13, 14], and equivalent-input-disturbance control technique [15] although these
techniques lack of robustness.

The research goal in this work is to investigate, using backstepping, feedback
linearization and sliding mode control theory, a comprehensive and unified yet
simple to apply high performance robust control design framework for
underactuated mechanical systems. Finally, the framework will be numerically

validated for the following benchmark UMS systems.

1. Double Inverted Pendulum

2. The TORA System
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3. The Overhead Crane system
4. Inverted Pendulum

5. Cart-Pole System

1.4 Thesis Organization

This thesis consists of six chapters. The focus of this research work is to propose
novel solution to the stabilization problem of underactuated systems. This
chapter explain introduction, motivation for work, thesis objective and thesis
organization.

Chapter 2-Literature Review:

This chapter takes into account the literature review regarding stabilization of
underactuated mechanical systems.

Chapter 3-Stabilization of Underactuated Systems: Feedback
Linearization Technique:

This chapter presents the proposed control techniques based on input/output
feedback linearization base control. The algorithms is applied to underactuated
cart-pole system, overhead crane system.

Chapter 4-Stabilization of Underactuated Systems: Adaptive
Backstepping Technique:

This chapter presents adaptive backstepping based stabilization of the
underactuated mechanical systems. The algorithm is applied to underactuated
cart pole system and overhead crane system.

Chapter 5-Stabilization of Underactuated Systems: Sliding Mode
Control:

This chapter presents the proposed control algorithm based sliding mode control
and adaptive sliding mode control. The algorithms is applied to underactuated
cart-pole system, overhead crane system, TORA, Double inverted pendulum.
Chapter 6-Conclusion and Future Work:

This chapter summarizes the overall thesis and draws conclusions.  The
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significance of the proposed research is emphasized. Future directions have also

been proposed for further research.



Chapter 2

Literature Review

This chapter presents a literature review of underactuated mechanical systems
from control perspective. Theoretical challenges in control of UMS systems are
mentioned. Different analytical tools and control techniques designed over the

past years are reviewed.

2.1 Introduction

Control of underactuated mechanical systems remains active areas of research in
the last decade. Research interest in this field started with the analysis and
study of nonholonomic mechanical systems. Analysis and control of
nonholonomic systems [2, 22] started in early 80’s and became a full grown and
established area of research in the middle of the 90’s. Study of nonholonomic
systems developed some interesting control problems. Being non-holonomic
nature, it had been proved that these systems are not stabilizable by smooth
continuous time invariant state feedback control techniques [3, 23].

As few of these nonholonomic mechanical systems were inherently
underactuated, the interest of researchers shifted towards the analysis and
control of UMS systems in the 90’s together with the first applications mainly

within robot manipulators [4, 24-32]. This kind of interest got momentum when

11
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use of underactuated mechanical systems became increasingly popular in
scientific and research applications such as robotics, marine systems and
aerospace systems. These developments led to the establishment of research in
UMS systems as one of the most effective field both from technical and
theoretical point of view and research in the control of UMS systems started as
the field [5, 6, 11, 17, 33].

Nonholonomic mechanical systems have 1st order (velocity) constraints. As parts
of the dynamics of an UMS systems can be written as second order (acceleration)
constraints contrast to non-holonomic systems, underactuated mechanical also

called mechanical systems with 2nd order nonholonomic constraints[4, 6].

2.2 Theoretical Challenges in the Control of

Underactuated Mechanical Systems

Underactuation, i.e. fewer quantity of independent control actuators compared
to configuration variables being controlled, fundamentally makes control problem
of underactuated mechanical systems an extremely challenging task. Moreover,
higher non linear behavior, input coupling and nonholonomic constraints adds
extra difficulties for this challenging control problem. Feedback linearization is
an important design tool used an initial step in design of nonlinear control law
for nonlinear systems [1]. However owing to underactuatoin. exact feedback
linearization for UMS systems is not achievable. This could be seem from the
dynamical equations of underactuated mechanical systems in which the control
input matrix is non invertible, and hence, an explicit change of control is not
possible that indicates the exact feedback linearization does not exist.

In [11, 25], it had been shown that for the certain class of underactuated
mechanical systems, the dynamics could be partitioned into the unactuated
subsystem and the actuated subsystem and a partial feedback linearization of
the actuated subsystem is achievable. But still, the unactuated subsystem has

nonlinear behaviour and coupled to the linearized actuated subsystem.
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Afterwards, in [17], it had been shown that an explicit change is possible to
decouple the two subsystems in a actuated one and an unactuated one. But still,
decoupled systems are highly nonlinear and, as mentioned, this is for a specific

class of UMS not all the systems.

2.3 Control Design Approaches for UMS

Different control design approaches, designed and used over the years for

underactuated mechanical systems, are reviewed in this section.

e Energy and Passivity Based Control:
In energy and Passivity Based control (PBC) methods the total energy is
regulated towards the equivalent value of the desired equilibrium state as
a result achieving regulation of the system states to desired values. This
technique is primarily used for the set-point regulation of underactuated
mechanical systems. Application of these methods could be found in the

works [11, 14, 34-37].

e Controlled Lagrangian:
In Controlled Lagrangian method, Lagrangian of UMS systems is regulated,
simply by modifying the inertia matrix and potential energy matrix, towards
the desired equilibrium state by using control input and then guarantee the
passivity of the system, damping is injected into the system. Application of
Controlled Lagrangian to underactuated mechanical systems could be found

in the works [9, 10, 38].

e IDA-PBC:
In IDA-PBC method the Hamiltonian of UMS systems is regulated, by
changing the inertia matrix, the potential energy function and
interconnection matrix, towards the desired equilibrium state by using

control input and then guarantee the passivity of the system, damping is
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injected into the system.  Application of Controlled Lagrangian to

underactuated mechanical systems could be found in the works [12, 39, 40].

e Optimal Control:
In Optimal Control, the procedure is based on finding a control algorithm
that minimizes or maximizes a cost function. Optimization of energy or
time are two approaches in optimal Control. Application of Controlled
Lagrangian to underactuated mechanical systems could be found in the

works [41-44].

e Sliding Mode Control:
Sliding Mode Control is most powerful robust technique against
uncertainties, unmodeled plant dynamics and disturbances. In sliding
mode control, 1st, a sliding manifold is designed with desired dynamics and
then control law is chosen to force system towards the sliding surface.
After reaching the surface, system states slide, alongside the surface, to
desired values and remain there under the control action. Robustness to
external disturbance is ensured through discontinuous term in control law
or through estimation and after that cancellation by the control law. Aside
from robustness, SMC can easily control higher order and complex
nonlinear models. Because of these promising control features, SMC has
been used by the researchers for the control of UMS systems. Application
SMC to underactuated mechanical systems could be found in the works

[45-51].

In conclusion, there are many outstanding research work on the subject. Most
works address the control problem of the specic UMS systems. There is strong

requirement for class based control design approaches that are robust.
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2.4 Examples Underactuated Mechanical

Systems

The UMS include The Translational Oscillator with Rotational Actuator (TORA)
system [52], the beam and ball system [53], the Acrobot [54], the Pendubot [36],

the cart-pole system [55], the crane system [56], and the double inverted pendulum
[57].

2.4.1 Acrobot and Pendubot

Acrobot [54] and Pendubot [36] are two-link manipulators with a single actuator
at elbow and shoulder respectively as shown in Fig (2.1). Both manipulators have
identical equations of motion and are graphically alike. The stabilization of the
two-link manipulator to its upright equilibrium point (¢, = 5 and ¢z = 0) from
any initial condition is their control task.

Energy-based control is one of the famous control approach used to swing up the
system from its stable downward spot to precarious upright spot, and swap to a
linear controller for stabilization [36]. Lai in [58] to give a complete unified control

technique. An impulse momentum approach provided a new idea on swing up

control by Albahkali in [59] and Jafari in [60].

(a) Acrobot
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giq)

YR )

(b) Pendubot

FIGURE 2.1: Acrobot and Pendubot Systems

2.4.2 Cart-Pole System

The cart-pole system in Fig (2.2) is a benchmark underactuated system. It used as
a testbed for nonlinear control study. The control job is to swingup the pendulum
from its steady downward equilibrium state. (¢ = 0 and ¢go = 7) to vertical
unbalanced equilibrium point (g2 = 0), while retains the cart at its original point
(g1 = 0). Considerable work has been done in the past from fuzzy control (FC)

and energy based prespective for the under consideration cart-pole system in [11].

¢
(>
Y
-

FiGURE 2.2: Cart-Pole System



Literature Review 17

2.4.3 Ball and Beam System

The ball and beam system [53] consists of a beam able to move up and downward
via motor connected at one end (whereas the other end of the beam is fixed) as
shown in Fig (2.3). As this beam is made of metal and iron ball is allowed to
move freely on it, control task is to stabilize the ball on the desired position on
the beam, starting from any initial condition on the beam. The Lyapunov-based

method [61] control works on the ball and beam system.

Beam

Lever Arm
e

Crear

FiGure 2.3: Ball and Beam System

2.4.4 Translational Oscillator with Rotational Actuator
System (TORA)

The TORA system in Fig (2.4) is a non-linear benchmark example for different
control techniques. The system contains an oscillating translational stage and an
eccentric revolving pendulum. To make sure the horizontal displacement ¢; — 0

in the occurrence of any exterior disturbance is the control task of TORA [62].
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A A 47 A 4

FIGURE 2.4: Translational Oscillator with a Rotational Actuator System



Chapter 3

Stabilization of Underactuated
Systems: Feedback Linearization

Technique

This chapter presents an input/output feedback linearization algorithm for the
stabilization of underactuated mechanical systems. Feedback linearization is one
of the common approach used in controlling nonlinear systems. The approach
involves coming up with a transformation of a non linear system to equivalent
linear system or at least closely to it. This problem deserves a lot of attention,
its positive solution directly or indirectly extends the applicability of the linear
methods to a more general nonlinear class of systems. First we define the
suitable control u in term of u; and wuy to transform the system into particular
structure. In first method The w; is designed using input/output feedback
linearization technique. On the basis of Lyapunov stability, the control us is
derived. In second method us is derived using integral sliding mode control. The
control algorithms is applied to two systems, namely; cart-pole system and
overhead crane system. The effectiveness of proposed algorithm is verified

through numerical simulations.

19



Stabilization of Underactuated Systems: Feedback Linearization Technique 20

3.1 Problem Statement

For a given desired point x4.s € R", a control input u is constructed in such a way

that x4 is an attractive point ¢ — oo leads to £ — x4.s = 0.

3.2 The Proposed Control Algorithms

3.2.1 First Method

Step 1:
Write the system (1.10) as:

l"lzl’g

Ty = fi +bi(x)u

(3.1)
T3 =1y
;'E4 = f2 + bz(l’)u
where, f; and b; are nonlinear functions.
Step 2:
Choose the input u;
—fo+uy
21 2
u b2 (I) -+ Uo (3 )
the system (3.1) can be written the following form:
jfl = X9
. —Jf2tu
iy = fi + bl(g;)(g + uy)
ba(z) (3.3)

T3 =Ty
$4 =u; + bz(%)lbg
where u; are the new inputs.

Step 3:

Assume the system have two subparts, x;, ¢ = 3,4 are stabilized via u; and
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x;, © = 1,2 are stabilized using us, choose output of the system y = x3. Design
uy using the input/output feedback linearization technique, while uy design using

lyapunov stability.

Define the error:

€ = T3 — T34
€ =123=14 (3-5)
e= Qf4 =u + bg(ﬂ?)U,Q

where x3; = 0, choose u; = —kje—koqé, after some manipulation the error dynamics

can be written as:

€ + /{:16 + l{?2€ - bg(.T)UQ =0 (36)

In eq (3.6), if us — 0 as ¢ — oo, then error dynamics e, é and é must — 0 as
t — o0, to stabilize the z3 and x,. For designing usy, choose a lyapunov function

as: 1 1
V= 5011’% + 5021’%

V= C1T1T1 + CoToTs

V= C1T1Zo + CoXaZy (3-7)
V = zy(cray + o)

V= —chg <0

where, ¥y = (—c121 — c323) /o

ARG (o) (g )
u2b1(x) _ —Cﬂlc— C3Ly - bl(x)(_£2(+ u1)
’ 2(7) (3.8)
Uy = (—c121 — 329 — e f1)ba(x) — by () (ug — f2)
c1b1by
= (—c1m1 — c3wa — caf1)ba(x) — caby () (=K1 — koxy — fo)

C1 bl b2
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putt us in dynamics (3.3) to get:

_f2 + Uy (—C3.§L’2 — CQfl) Cgbl (x)(—k1$3 — ]{ZQI4 — f2)
ba() C1 c1by

By = f1+bi(w)(
(3.9)
LaSalle’s theorem:
Let f(z) be a locally Lipschitz function defined over a domain D C R"™ and Q C
D be a compact set that is positively invariant with respect to @ = f(x). Let V (z)
be a continuously differentiable function defined over D such that V(z) < 0 in
Q. Let E be the set of all points in Q where V() = 0 and and M be the largest
invariant set in F. Then every solution starting in 2 approaches M as t — oo.

From eq (3.7):

V(:L’) =0 for xy =0 irrespective of the value of x4
22(t) =0 = d9(t) =0 = x1(t) =0, using eq (3.9)
Thus, the origin is asymptotically stable.

Step 4:
The eq (3.2) as:

—fat+uy
ST
 —fat —kie—keé | (—cimy — c3ma — ¢ f1)ba() _
B by () c1b1by
cob1(2)(—k123 — kowy — f5)
C1b1by

3.3 Application to Underactuated Mechanical

Systems

3.3.1 Cart-Pole System

The proposed control scheme is now used to stabilize an cart-pole system as

considered in [63]. It is an underactuated mechanical system with 2DOF. The
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dynamic of the system as given in [63] is:

(M + msin® 6,)2, — msin Gl(léf —gcosth)=F+u

(M + msin? 91)l9"1 + l@% sinfy costy — (M + m)gsinb; = — cos 01 (F; + u)

(3.10)
define the state vector z = [z, #; 6y 6,]7 = [x1 x5 x3 x4], the state space
representation becomes;

{t'l = T2
o = f1+ bi(x)u
(3.11)
T3 = 24
Ty = fo+ ba(x)u
where
- mlz?sin s — mgsinzz cos xs + F
e M + msin? x5
—mlz?sinxscosxs + (M + m)gsinzs — F cos x3
f2= M1 + ml sin?
miSin” I's (312)
1
b1($> - )
M + msin® r3
bo(1) = — COoS T3

M+ misin® z3

The actual values of the system parameters in the simulation are:

F =sinzs
[ =0.5(m)
m = 1(kg)

M = 2(kg)
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Ficurg 3.1: Closed loop response of cart-pole system corresponds to initial
condition (z1(0), ...,z4(0)) = (—7/6,0,0,0), (b) Time history of control input u
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(b) Control Effort

FiGUrE 3.2: Closed loop response of cart-pole system corresponds to initial

condition (1(0), ..., #4(0)) = (2.5 + 0.5In(¥H),0,V/3,0), (b) Time history of

control input u
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3.3.2 Second Method

Step 1:
Write the system (1.10) as:

Zl"il = T2
Ty = f1 + bi(z)u + di(z,1)
(3.13)

T3 = T4

Ty = fo+ ba(2)u + da(2,t)

where, f; and b; are nonlinear functions and suppose d;(z,t) = 0, do(z,t) = 0.
Step 2:

Choose the input u;
_ —fot+w
ba(x)

the system (3.13) can be written the following form:

+ Uy (3.14)

Ztl = X9
. —f2+u
To = f1+ bl(x)(# + usg)
ba () (3.15)
.i?g = T4
j}4 = U1 + bQ(ZL‘)Ug
where u; are the new inputs.
Step 3:
Assume the system have two subparts, x;, i = 3,4 are stabilized via u; and

x;, © = 1,2 are stabilized using us, choose output of the system y = x3. Design
uy using the input/output feedback linearization technique, while uy design using

integral sliding mode control.
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Define the error:

e = 1:4 = U + bg(I)Ug
where x33 = 0, choose u; = —kje—kqé, after some manipulation the error dynamics

can be written as:

€+ k1€ + kz@ - bg(.ﬁlﬁ)’dg =0 (318)

In eq (3.18), if us — 0 as t — oo, then error dynamics e, é and é must — 0 as
t — oo, to stabilize the z3 and z4. For designing us using a integral sliding mode

control. In this method the required control law is of the nature.

Uy = Ugo + Uzi (3.19)

where uy, being the ideal control and wus; is designed to reject perturbation term.

Choose a integral sliding surface as [20]:
o(x) =o,(x)+ 2 (3.20)

The first term in the right hand side of (3.20) indicates the contribution of

conventional sliding surface which can be written as:

0o(T) = 11 + X9

(3.21)
o(xy,m2) = 171 + 29 + 2
Now, taking the derivative of (3.21)
. —fotw .
o =Ty + f1 + bﬂl’)(w + Ugp + U21) +z (322)
2

Choosing 2 = —(cjze + f1 + bl(x)(_g;f;;“ + ug,)) with z(0) = o(z(0)), the above

equation (3.22) becomes:

o= bl(ﬂf)UQl (323)
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Comparing (3.23) with ¢ = —M;sign(o), one has

ug = —Msign(o) (3.24)
Where M = bi\ﬁ) is the gain of the discontinuous component and
Uo, = —ksx1 — kyxs. The final control law can be obtained by substituting the

designed expression of continuous and discontinuous components in (3.19). This
control law eliminate the reaching phase and results in the robust regulation of
the states to the origin.

Choose a Lyapunov function to ensure the stability:

- (3.25)

V:—MlyO" SO

Eq (3.25) ensured that ¢ — 0 in finite time.

3.4 Application to Underactuated Mechanical

Systems

Case 1: Simulation results without external disturbances.

3.4.1 Cart-Pole System

The proposed control scheme is now used to stabilize an cart-pole system as
considered in [63]. It is an underactuated mechanical system with 2DOF. The

dynamic of the system discussed in (3.3.1).
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Case 2: Simulation results with external disturbances.

3.4.2 Cart-Pole System

4 20
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S E
X 0~ X 20
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-1 : : : : -10 : : : :
0 2 4 6 8 10 0 2 4 6 8 10
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(a) States of the Cart-Pole system
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Chapter 4

Stabilization of Underactuated
Systems: Adaptive Backstepping

Technique

In this chapter, we propose adaptive backstepping based design technique for
underactuated systems. Our objective is to construct the stabilizing control
algorithm for the class of 2DOF underactuated systems represented by (4.1).
The model of 2DOF underactuated systems can be described as:

l"l = T2
Ty = fi + bi(z)u (4.1)

T3 =14

Ty = fo+ bo(x)u

In order to stabilize system (4.1), an adaptive backstepping based controller is
proposed, which yields asymptotic stabilization of the closed-loop system. This
is achieved by first transforming the original system into a new system that can be
made asymptotically stable. After the stabilization of the transformed system, the

stability of the original system can be easily established. Numerical results show

32



Stabilization of Underactuated Systems: Adaptive Backstepping Technique 33

the effectiveness of the proposed control algorithm when compared to existing

methods.

4.1 Control Problem

In the presence of suitable feedback strategy, a control law is designed such that
as t — 00, T — Tges from any initial condition x,. It is further supposed that

Z4es = 0 can be achieved by suitable transformation of the system.

4.2 The Proposed Control Algorithm

Step 1:

Consider the system (4.1) as:

jfl = T
Ty = f1 +bi(z)u (4.2)

T3 = T4

Ty = fo+ ba(x)u

By choosing u = ﬁ(—ﬁ + 016 + x3), here 6; is unknown and we will find it
adaptively, 0; = 0, + 0., system (4.2) is written as:

ileQ
-j32:333+‘§\1¢+9~1¢ (4.3)

T3 = T4
iy = B+ azs + abid + abro
In equation (4.3) a = Z—; and § = fo— 2—;]"1. Now with the help of below-mentioned

steps, the system (4.3) can be transformed from x — z domain and then back from

2z — x by using inverse transformation.
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Step 2:
Consider Eq. (4.3): &1 = x5, consider xs state as a virtual input and «; as a

stabilizing function, then the error variable z; = x5 — ay, Eq (43a) becomes:

T =2 +o (4.4)

1

s7. For computing the stabilizing function:

Choose a layapunov function V; =

Vi = o9 = z1(21 + 1) (4.5)
Choose oy = —x1, then V becomes:
Vi=—-224+112 (4.6)

The term z2; will be canceled in the next step. Eq (4.4), becomes:
T =21 — T (4-7)
Take a derivative of z;:

21 - ZIZ:Q —021
2= a3+ 016+ 010 + 4y (4.8)

Z'1=$3+é\1¢+51¢+21—$1

Consider z3 state as a virtual input and as as a stabilizing function, then the error

variable zo = x3 — i, Eq (4.8) becomes:

51222+042+é\1¢+9~1¢+21—$1 (4.9)
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Consider the Lyapunov function V, = V; + %zf for computing the stabilizing

function ay. Then:

V2 = V1 + 212
Vz = —$§+$121+Z1(22+042+9Al¢+51¢+21—131) (4.10)

Vo= —a? +z1(z + a2 + 016+ 21) + 210,

Choose ay = —22, — 616, then Vy = —x? — 22 4 2129 + 210,60, The term z; 2, will

be canceled in the next step. Eq (4.9) becomes:

G =11 — 2+ 2+ b (4.11)
Take a derivative of z:

Zg = Ty — Qg
g =14 — (=271 — 016 — 019) (4.12)

Zy = 1y — 201 — 221 + 229 + 20,6 + 016 + 6,

Consider x4 state as a virtual input and a3 as a stabilizing function, then the error

variable z3 = x4 — a3, Eq (4.12) becomes:

dy = 25+ g — 201 — 221 + 22 + 2010 + 016 + 00, (4.13)

Consider the Lyapunov function V3 = V5 + %zg for computing the stabilizing

function 3. Then:

Vg = V2 + 2979
Vs =—22 — 22 4 2129 + 21006 + 22(23 + a3 — 201 — 221 + 220 + 2010 + 010 + ¢6;)

Vi = —a2 — 22 + 2106 + 2(2 + a5 — 201 — 21 + 22 + 2016 + 016 + $61)

(4.14)
Choose a3 = 2x1+zl—3z2—9A1¢—q59A1, then Vg, = —x%—Zf—z§+z223+z1§1¢+222§1¢,
Eq (4.13) becomes:

Z9 — —Z21 — k2 + Z3 + 2§1¢ (415)
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Add and subtract é\g(b in as;

3 =221 + 21 — 32 — 01 — §0, + Oap — Oagp (4.16)
Let, w = é\1¢ + <Z§t9A1 + 9/;<Z5, then Eq (4.16) becomes:
a3 = 271 + 21 — 32 — w + Oadd (4.17)
Take a derivative of z3;

Z3 = T4 — Q3
4= B+ azs + abip + abid — (201 + 21 — 375 — 1 + 020) + O

Zy= B+ axs+ abid + abid + 5010 + 31 — 42y — dzo + 323 + 1 — Oagp — Orp

(4.18)
Consider the layapunov function;
1 1~2 1-~2
Vi=Vas+ g2+ 500 + 50 (4.19)
Vi =V + 2325 + 010, + 00, (4.20)

Choose w = w1 = —f8 — ax3 — 049Alqb — 311 + 421 + 320 — 423 + 9A2gz5 + 9A2925 — 9~2¢,
évl = —21¢0 — 2290 — D230 — azzp — k‘lévl and é; = —kgé;, Eq (4.20) becomes:

Vim—a?— 22— = 22— Iy — ko, <0 (4.21)
and; ) :
0, = —0;

L (4.22)
82 = —02

Eq (4.18) becomes:

= —z — 2+ Oi(a+5) — oo (4.23)
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Step 3:
So the transformed system can be written as:
1:1 = 21— I
21 =—$1—21+Z2+§1¢
B (4.24)
Zog = —z1 — 29+ 23+ 2010
Zy= 25 — 23 + 01 (a +5) — O
Define z = |1 21 23 z3]7 and 0 = [0, 65T
1 -1 1 0 0 T 0
4 -1 -1 1 0| |z o 0] |6
%o 0 -1 =1 1| |2 26 0| |6,
2 0 0 —1 —1| |z a+5 —o
= Mz+ NO (4.25)

where M is negative definite. Since the derivative of Lyapunov function given by

(4.21) is negative, therefore, we conclude that the transformed system (4.24) is

asymptotically stable, therefore, it implies that xi, 2y, 29, 23

01, 6, — 0.

The states z; in term of z;

1 = I

To = —T1+ 21

can be written as;

T3 — —221 +ZQ +é\1¢

T4 =23+ 201 + 21 — 32 — f(01, 02, 9)

— 0 and

(4.26)
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4.3 Application to Underactuated Mechanical

Systems

4.3.1 Overhead Crane System

The proposed control scheme is now used to stabilize an overhead crane system
as considered in [63]. It is an underactuated mechanical system with 2 DOF. The

dynamic of the system as given in [63] is:

(M + msin®6,)&, — msin 6; (162 + gcos ;) = u

. (4.27)
(M + msin® 0,)160, + 162 sin 6 cos 0y + (M + m)gsinf; = —u cos 6,
define the state vector z = [x; 27 64 91]T = [z1 xo m3 x4 the state space
representation becomes;
jﬁ'l = T2
o = f1+ bi(x)u
(4.28)
l"g = T4
Ty = fo+ ba(x)u
where
= mlx?1 sin x3 — mg sin x3 cos T3
e M + msin® x5
F —mla3 sinxg cosxg + (M + m)gsin xs
9 = -
M1 + mlsin® x4 (4.29)
bie) = ———
! M + msin® x5
bo(2) — COS T3

B M1+ mlsin® x4

The actual values of the system parameters in the simulation are:
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FIGURE 4.1: Closed loop response of overhead crane system corresponds to
initial condition (z1(0),...,z4(0)) = (2,0,0,0), (c) Time history of control input
up and u

4.3.2 TORA System

The proposed control scheme is now used to stabilize an cart-pole system as
considered in [63]. It is an underactuated mechanical system with 2DOF. The

dynamic of the system as given in [63] is:

(M + m)i + me cos 00 — me@?sin 0 + kx = F

. . (4.30)
(me? + I)0 + mecos 00i = N
Define the normalized state p = I]\_{;’e@x normalized time, 7 = Mimt,

dimensionless control u =

k(%m?) and disturbance w = 1,/ #E% F, then (4.30)

becomes:

P+ p=a(@?sind —fcosb) + w
) (4.31)
0 =apcosh +u
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where the differentiations are with respect to the normalized time and «
represents the coupling between the translational and rotational motions and can

be defined as:
a= e 4.32
\/([—l—me%)(M—i-m) (4.32)

define the state vector z = [p p 0 0T = [z, x5 x3 4], the state space

representation becomes;

9’31:932

i‘g = fl + bl ([L’)U

(4.33)
T3 = T4
i‘4 = f2 + bg(ﬂ?)u
where
= —xy + arisinws + w
e 1 — a2 cos? 3
b= oy cos T3 — a’r? sin xs — a cos rzw
2T 1 — a?cos? z3 (4.34)
by () —COS T3
)= —"—"—"
! 1 — a2 cos? z3
1
bQ(CC) =

1 — a2 cos? z3

The actual values of the system parameters in the simulation are:

m = 0.5(kg)
[ =0.3(m)
M = 2(kg)
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FIGURE 4.2: Closed loop response of TORA system corresponds to initial
condition (z1(0),...,24(0)) = (7/6,0,0,0), (c) Time history of control input
u1 and u



Chapter 5

Stabilization of Underactuated

Systems: Sliding Mode Control

5.1 Introduction

This chapter presents a sliding mode control algorithm for the stabilization of
underactuated mechanical systems. Two methods are proposed: first method,
transforming the original system into a new system using suitable transformation.
In this method the dimension of the system increased. The transformed system is
then stabilized using first order sliding mode control.

Second method: The system is transformed into a particular structure containing
a nominal part and some unknown terms, which are computed adaptively. The

transformed system is then stabilized using adaptive integral sliding mode control.

5.2 Problem Statement

For a given desired point z4.s € R", a control input u is constructed in such a way

that x4 is an attractive point ¢ — oo leads to £ — 4., = 0.

44
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5.3 The Proposed Control Algorithms

5.3.1 First Order Sliding Mode Control
5.3.1.1 2DOF Systems

Step 1:

The model of 2DOF underactuated systems can be described as:

it'lzxz

i‘g = f1 + bl(as)u

(5.1)
T3 =14
T4 = fo+ bz(l’)u
Define the transformation:
21 = T1 — //(fl + b1U — xg)dt
29 = X9 — /(fl + blu — $3)dt (52>
23 = T3
24 = T4

Using the transformation (5.2), the system (5.1) can be written in the following

form:
21 = 29
22 = Z3
(5.3)
23 = Z4
24 = fo+ bau
Step 2:

Choose the sliding manifold s; = 21 + 325 + 323 + 24, the time derivative of sliding

manifold becomes:
51 :Zl+322+323+24
(5.4)
§1 =20+ 323+ 324+ fo+ bou
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Choose u = %(—22 — 323 — 324 — fo — kysign(sy) — kas1), then § = —kysign(s;) —

kosq, and lyapunov stability:

1
V= —3%
2 (5.5)
V= —]{Z1|51| - kQS% S 0
Step 3:
Let z5 = [[(fi +biu — x3)dt and z6 = [(f1 + byu — x3)dt, then:
Z"5 = Zg
26:f1+b1u—23—v+v (56)

26:f1+b1u—23+v—5—@

Choose the sliding manifold s, = z5 + z5, the time derivative of sliding manifold

becomes:
$9 = Z5 + %6
(5.7)
52 :,26+f1+b1u—23+v—'17—6
Choose v = —zg — f1 — byu + z3 — kgsign(sz) + U then $o = —kgsign(ss) — v, and
lyapunov stability:
1 1
After some manipulation:
V= —k3|82| - k’4’U
5 = S§9 — ]{34”1\}/ (59)
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Step 4:

The overall system can be written as:

2"1 = 29
22 = Z3
23 =24
(5.10)
24 = f2 + bgu
Z"5 = Zg

Z.6Zf1+b1u—23+7j—f7j—i]\
The states x, (h =1,2,3,4) in the term of z; (i = 1,2...6) can be written as:

r1 =21+ 25

To = Z9 + Zg (5 11)

T3 = Z3

Ty = 24

5.4 Application to Underactuated Mechanical

Systems

5.4.1 Cart-Pole System

The proposed control scheme is now used to stabilize an cart-pole system as
considered in [63]. It is an underactuated mechanical system with 2DOF. The

dynamic of the system discussed in (3.3.1).
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FiGURE 5.1: Closed loop response of cart-pole system corresponds to initial

condition (x1(0),...,24(0)) = (0.1,0.2,0.1,7/2), (c) Time history of control
input u, v and sliding surfaces si, so

5.4.2 Adaptive Sliding Mode Control
5.4.2.1 2DOF Systems

Step 1:

The model of 2DOF underactuated systems can be described as:

i‘l = T9
Ty = f1 + bi(z)u + dy(2,1)
(5.12)

T3 = Ty

Ty = fa + ba(x)u + d3(7,1)



Stabilization of Underactuated Systems: Sliding Mode Control 50

Eq (5.12) can be written as:

i’l = f1 + b1<£li'>u + dl(.%,t) (5 13)

fﬁg = f2 + bg(ZE)U + dg(ﬂf, t)

we define Q =[xy x5)7, Q = [iy @3]7, Q = [# is)T

F(z) = [fi(z) f2(2)]F, B(z) = [bi(z) ba(z)], the system (5.13) can be written as:
O = F(z) + B(x)u + d;(z, 1) (5.14)

add and subtract v = [0 uy]? in (5.14) to get:

Q= F(z)+ H(z)w — v + d;(z,1) (5.15)
bl 0 . u
where, H(x)= such that H~1(z) exist and w =
b2 1 Uz
v = [0 up]” is unknown input vector and will computed it adaptively, & be the

estimate of v and o be the error of estimation, o = v — 9. Then system (5.15) can

be written as:

Q= F(x)+ H(x)w — 0 — 0+ di(x, 1) (5.16)
Step 2:
o 51 T1+ X :
Choose the sliding surface: S = = =Q+Q
S9 T3+ X4

Then $ = Q+Q = Q + F(z) + H(z)w — o — 0 + dy(, 1)

Choose w = —{H'(2)Q + F(z) — o + KS + Ksign(S)}

s0:

wy = —{H (1, )ze + H(1,2)z4+ f1(x) — 01 + K151 + Kasign(s;)}
wy = —{H Y1(2,1)xy + H (2,2)z4+ fo(x) — Vs + K352 + Kysign(sa2)}
K = diag{ky, k2}

S =—-KS— Ksign(S) — 0+ d;(x,t) (5.17)
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and:

s1 = —Kis1 — Kasign(sy) — 01 + dy(x,t) (5.18)
Sog = — K389 — Kysign(ss) — Us + d3(z,t)

Step 3:

Choose a Lyapunov function V' = $S7S + 20" L7'0, where L is 2 x 2 positive

definite matrix. Then

V=575 +4"L%

V = ST{—KS — Ksign(S) — v + d;(z,t)}+0" L%

V =—KSTS — K|S| +oT{L "0 — S} + STd;(,1)

By choosing

=LS

b =-LS

We get

V=578 + 0"

V = ST{—KS — Ksign(S) — v + d;(z,t)}+07 1%

V =ST{-KS — Ksign(S) — o + d;(z,t)} + 07 { "0 — S}

[S28

V=-KS'S-K|S|+5"D, <0 (5.19)

. S1 al + T
If K > D, then Eq.(5.19) confirms that S — 0. Since S = = — 0

S2 T3+ X4
and S is Hurwitz
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5.4.2.2 3DOF Systems

Step 1:

The model of 3DOF underactuated systems can be described as:

(’1.31 = T2
Ty = fi+bi(z)u + di(w,t)

T3 =14

(5.20)
$4 = f2 + b2<$>’u + dg(&?, t)
Ty = Tg
I'G = fg + bg(l')u + dg(ZE, t)
Eq (5.20) can be written as:
1 = f1+bi(x)u+ di(z,1)
T3 = fo+ bo(x)u + da(x,t) (5.21)

T5 = f3+ bs(x)u + ds(x,t)

we define Q =[x x3 5)7, Q = [&1 @3 @5]7, Q = [1 &3 @s]"
F(x) = [fi(z) fo(z) f3(x)]', B(x) = [bi(x) ba(x) bs(x)]*, the system (5.21) can

be written as:

O = F(z) + B(x)u + d;(z, 1) (5.22)

add and subtract v = [0 uy u3)” in (5.22) to get:

O = F(z) + H(z)w — v + d;(x, t) (5.23)

bl 0 0 u
where, H(x)= |b, 1 0] such that H'(x) exist and w = |, |-

bs 0 1 Us

v = [0 uy uz]’ is unknown inputs vector and will computed it adaptively, © be the

estimate of v and © be the error of estimation, o = v — 0. Then system (5.23) can
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be written as:

Q= F(x)+ H(x)w— 0 — 0+ di(z, )

Step 2:
S1 X1+ T2

Choose the sliding surface: S = |sy| = |a5 + 24| =Q + Q
53 T5 + Tg

Then $ = Q+Q = Q+ F(z) + H(z)w — o — 0 + dy(, 1)

Choose w = —{H'(2)Q + F(z) — o + KS + Ksign(S)}

s0:

wy = —{H (1, 1)ae + HY(1,2)z4 + H (1, 3) 26+ f1(x) — 01 }
—Kis1 — Kssign(s)

wy = —{H (2, D)y + HY(2,2)24 + H1(2,3)x6+ fo(x) — U}
— K359 — Kysign(ss)

wy = —{H (3, )xy + H(3,2)xs + H(3,3)x6+ f3(x) — U3}
— K583 — Kgsign(ss)

K = diag{ky, k2, k3}

S =—KS — Ksign(S) — o+ d;(x, )
and:

3'1 = _Klsl — Kgsign(sl) - 171 + dl(x7t)
5'2 = —K352 — K4sign(32) - '1;2 + d2(x>t)
S5 = — K583 — Kgsign(ss) — U3 + ds(x, t)

Step 3:

(5.24)

(5.25)

(5.26)

Choose a Lyapunov function V = %STS + %f)TL’lf;, where L is 3 x 3 positive

definite matrix. Then

V=2S8TS+oTL %

V =ST{-KS — Ksign(S) — v + d;(z,t)}+0" L%
V =—KSTS — K|S|+9"{L "0 — S} 4+ STd;(x,1)
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By choosing

=LS

b =-LS

We get

V =515+ 1%

V =ST{—KS — Ksign(S) — v + di(z, t)} +07 %

V =ST{-KS — Ksign(S) — o+ di(z,t)} + 7 {'o — S}

(S48

V=-KS'S-K|S|+5"D, <0 (5.27)
S1 Ty + Xg
If K > D, then Eq.(5.27) confirms that S — 0. Since S = |gsy| = |25+ 24
S3 Ts5 + Tg
— 0 and S is Hurwitz.
Similarly for nDOF:
Q= F(x)+ H(x)w— 0 — 0+ di(x, 1) (5.28)
hl bl(x) 0 0 0
h3 bs(z) 1 0 0
where, H(x)= | h; [= | bs(z) 0 1 ... 0] such that H™1(2) exist.

S1 T+ X9
- S3 T3+ Ty .
Choose the sliding surface: S = | | = _ =Y +Y
Sn Ton—1 + Lon

ThenS:Q+Q:Q+F(m)+]zl(x)w—@—ﬁ+di(x,t)
Choose w = —{H'(z)Q + F(z) — 0 + KS + Ksign(S)}
s0:

wy = —{H (1, Dy + HY1,2)zs + ...+ H (1, n)z0,+ f1(2)
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—UAl + K181 + Kgsign(sl)}
we = —{H (2, D)ze + H1(2,2)x4 + ... + H1(2,n)z9n+ fo(x)
—Uy + K389 + Kysign(sq)}

wy, = —{H Y(n, Dy + H1(n,2)xs + ... + H *(n,n)zon+f,.(2)
—Up + Kop_15, + Kopsign(s,)}
K= diag{kl, ]{32, Ce ,kn}

S =—-KS — Ksign(S) — 0+ d;(x,t) (5.29)
and:

3'1 = _K131 — KQSiQﬂ(Sl) - 'Jl + dl(wa t)

Sy = — K389 — Kysign(ss) — U + da(x,t)
(5.30)

S = — K150 — Kansign(sa) — 5 + da(, 1

Choose a Lyapunov function V = 1578 + 16TL~15, where L is n x n positive
definite matrix. Then

V=5Ts+4"L™%

V = ST{—KS — Ksign(S) — v + di(z,t)}+0T L%

V =-—KSTS — K|S| +o"{L "0 — S} + STd;(,1)

By choosing

v=1LS

b =—-LS

We get

V=875 + "%

V = ST{—KS — Ksign(S) — v + d;(z,t)}+07 1%

V =ST{-KS — Ksign(S) — v + di(z,t)} + 07 {0 — S}

V=-KS'S-K|S|+5"D, <0 (5.31)
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_81_
If K > D, then Eq.(5.31) confirms that S — 0. Since S = 8‘2 =
_Sn_
[ T+ T2 ]
ot — 0 and S is Hurwitz.
| Ton—1 + Zan |

5.5 Application to Underactuated Mechanical

Systems

Case 1: Simulation results without external disturbances.

5.5.1 Overhead Crane System

The proposed control scheme is now used to stabilize an overhead crane system as

considered in [63]. It is an underactuated mechanical system with 2DOF.
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FIGURE 5.2: Closed loop response of overhead crane system ,(a) Time response

of system states corresponds to initial condition (z1(0),...,24(0)) = (0,0,0,0)

(b) Time response of sliding surfaces si, so and Time history of control inputs
w1 = u and ws
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5.5.2 Double Inverted Pendulum System

The proposed control scheme is now used to stabilize an double inverted pendulum
system as considered in [64]. It is an underactuated mechanical system with 3DOF.
This system consist of two pendulums link together on a moving cart as is shown
in Fig (5.3). The whole system consist of three subsystems, which has pendulum

1, pendulum 2 and cart. The dynamic of the system as given in [64].

PENDULUM 2

PENDULUM 1

O -0

FI1GURE 5.3: Double Inverted Pendulum System

From Fig (5.3), 6, is the angle of pendulum 1 and 6, is the angle of pendulum 2,
y = z is the cart position, u is the control force, here mq, mo, m3 is the cart, the
pendulum 1 and the pendulum 2 masses respectively and Lo, L3 is the length of
the lower and upper pendulums respectively and [y, ls is the respective lengths
from their center of masses . Let Iy, I3 is the respective inertia of pendulum 1

and pendulum 2 respectively.

) Y y + [y sin 6
define the coordinates of center of masses: y; = , Yo = , Y3 =
lg COS 91
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+ Lysin 6y + I3 sin(6; + 6
Y ? 1+ lysin(6, +6) and 0 = [y 0; 6,)7 | the total kinetic energy can

Ly cos 0113 cos(61 + 02)
be written as: K = %éTé, where M is the 3 x 3 symmetric matrix.
My = my + my + ms,
Moy (02) = I + I3 + maol3 + m3L3 4+ mal3 + 2ms3 Lols cos 0y
Mss = I3 + mgl3
Mi3(0y,05) = Moy = (maly + msLs) cos 0y + mgls cos(0; + 65)
Mi3(01,05) = M3y = mgslz cos(6; + 65)
Mo3(02) = msg = (M3l2 + m3l3Ly) cos Oy + I3
Therefore:
K = LMy 2% 4 LMoy (02)6, + LMz + Mo (0,026, + Mg (61, 0) 6,
+ Mos(62)6,6,
The total potential energy is:
V' = (maly + mgLy)g cos by + mglsg cos(0; + 65)
Then Lagrangian is:
L=K-V=K=1M#+ L Myp(0)0," + 1My, + Mo (61, 0,)i6,
+ Mi5(64, Qz)iéz + M23(92)9192 — (maly + mgLy)g cos By + mglsg cos(6y + 62)

Then Euler-Lagrange equation becomes: %% — g—g = F' gives that:
Mué + Mlgé.l + M139"2 =Uu (532)

M122: —+ Mggél —+ M239”2 + {k’ sin 91 —+ m3l3 sin(@l -+ 02)}291
+ {mgl3sin(6; + 92)}292 + kgsin 0y + mglsgsin(6y + 603) =0

where k= (mals + m3Ls) (5.33)

Mlgé + M239'1 + Mgg&ng + {2m3l3L2 sin 92}9% + {m3l3 SiIl(el + 92)}2@1

+ {m3l3 Sin(91 + 92)}292 + {m3l3 Sin(91 + 92)}9192 -+ mglgg Sin(91 + 62) =0
(5.34)
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Equation (5.32)-(5.34) can be expressed as:

My % + Moy + Myzby = u
Moz + Mgzé.l + Mggé.g +dy+h2=0 (535)

mlgé —+ Mggé.l + Mgg@ug + d3 + h3=0

Where

dy = {ksin 0y + mslssin(fy + 62)}2601 + {mslssin(6; + ;) }26,

ho = kgsin 6 + mslsgsin(0; + 0, where, k = (maly + msLo)

ds = {2msl3 L, sin 92}9% + {msl3sin(6; + 92)}291 + {mslzsin(6; + 92)}292
+ {mslssin(6; + 65)}6,6,

hs = mglsgsin(6; + 02)

Solving the equation (5.35) we have

.. mi2 y M3 . 1
Z=— 0, — 0y + U
miy ! My, ? My,
. . M
M11(91 + M1292 = —M—HU — dg — hg (536)
11

. . M
M12(91 -+ M2292 = —M—lgu — dg — h3

where Mll = (M22 - M)? Ml? = (M23 - M}\Z—i\flg) and MQQ = (M33 — M132)

Miy Mia

Equation (5.36) can be written further as:

M12 M13 5 1
P=——=0— —0+ —u
My ' My My
. Mo Moy — Mo M - - -
M0y = u(=—22 ”M 270 4 dy + hy — ds — s (5.37)
11
. My My — Mo M - - -
Mi105 = u( = 13M 2 12)—d2—h2+d3+h3
11

where

dy = M22d2, hy = ]\7[22]12, d3y = Myady and hy = Myshs

672 = Mds, ]:12 = Mishs, 073 = Myds, 673 = Myds, 23 = My1hs and -7\:411 =
M3y — Moy My,
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From (5.37) we have the following expressions:

. Ml 7 T 5 - M13 = = = =
Yy = = {—dg—h2+d3+h3}+ = {dg—l—hg—dg—hg}

My My nMn

1 ~ _ _ _
+ M_{l + Mo Moy — Mo My + My Mys — Mo Mg }u

11

- - 5.38)

.. 1 - - MioMoy — Mo M (
b1 = —{dy+ Ty — ds — hig} + u( 12422 = Mo 13)

M, B M11M11_
. 1 = = = = M M - M M
by = ——{—dy — hy + ds + hs} + ul 1 — Mo 12)

Mll MllMll

we define the state matrix: vy =y, vo =9y, v3 =10, x4 = 0,, x5 = 05 and xg = 0Oy

T = |11 19 13 14 5 T6]7 . SO;

My, N T Mz = = = =
fi= = {—dy — hy +d3 + h3} + = {dy + hy — d3 — h3}
MllMll MllMll

1 _ _ _ _
bi(z) = M_{l + Mio Moy — Mo Mg + My Mg — Mia Mo}

11

1 - L
f2=]\:4—{d2+h2—d3—h3}

11
~ Mia My — Mya My (5.39)
by(z) = ( = )
My My
1 = = = =
f3= =—{—ds — hy +d3 + hs}
11
My Mz — Mo Mo
bs(x) = ( = )
My My
The state space representation can be written as:
T1 = Ty
o = f1+ bi(x)u
T3 = 14
(5.40)

&y = fo+ ba(x)u
i’5 = T¢g
¢ = f3+ bs3(x)u

The physical parameters of the Double Inverted Pendulum as:

mi=mo=mg=1, ly=13=0.75 L= 3myl3, I5 = imsl%,g =98
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(c) Control effort and disturbances

FiGUurRE 5.4: Closed loop response of Double Inverted Pendulum system

,(a) Time response of system states corresponds to initial condition

(z1(0),...,z6(0)) = (—0.5,1,0.2,0.4,—-0.8,0.2) (b) Applied disturbances d; =

25in(0.57t) + 0.1z2, dy = 3sin(0.57t) + sin(z3)zi and d3 = 3sin(0.47t) +

sin(xs)xsre from ¢t = 10(s) to ¢t = 15(s) (c) Time response of sliding surfaces
$1, S2 , s3 and Time history of control inputs wy = u, we and ws



Chapter 6

Conclusion and Future Work

In this research work comprehensive robust control techniques proposed for UMS
on the basis of backstepping, feedback linearization, sliding mode control. the

proposed techniques provides a control problem for UMS.

1. Standard First Order SMC for UMSs (FOSMC).
2. Adaptive SMC for UMSs (ASMC).
3. Adaptive Backstepping for UMSs (AB).

4. Input/Output Feedback linearization Control based on lyapunov theory
(IOFL-LT) and based on integral sliding mode control (IOFL-ISMC) for
UMSs.

The above control techniques applied to the following underactuated mechanical

systems;

1. Cart Pole system.

2. Overhead Crane system.
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3. TORA system.

4. Double Inverted Pendulum system.

6.1 Performance Analysis

The overall performance analysis is summarized in the form of Table 6.1, based
on different features in the simulation results. Having analyzed, it was decided
that ASMC carries substantial marks in case of robustness and applicable to
nDOF underactuated mechanical systems. However, in case of fast convergence,
the IOFL-LT and IOFL-ISMC can be preferred whereas IOFL-LT suffers from
robustness issues. The named AB exhibits high control effort. In case of FOSMC
dur to transformation the dimension of system increases. According to the
attributes presented in Table 6.1, it can be claimed that ASMC proves itself to

be an appealing control protocol for the class of underactuated systems.



TABLE 6.1: Comparative analysis IOFL-LT, IOFL-ISMC, AB, FOSMC and ISMC.

Attributes IOFL-LT IOFL-ISMC AB FOSMC ISMC
4-6 sec
Settling Time 2.5-4.5 sec 1.8-1.9 sec 3-5 sec 5-10 sec Increase when
DOF increase
Overshoot Medium Low High Medium Lowest
Control Effort Low Medium High Medium Lowest
Sliding surface No sliding surface No sliding surface sliding surface

convergence | sliding surface | converge to zero | sliding surface | converge to zero | converge to zero
Robustness No Yes Yes Yes Yes
Application 2DOF 2DOF 2DOF 2DOF nDOF

Computational Low Medium High Highest High
Complexity

HLOM 24T PUD UOTISTY]OUO))
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6.2 Conclusion

In the past two decades the interest increasing in area of underactuated
mechanical systems. These systems have many diverse applications in the field of
aerospace, mechatronics, robotics, industry etc. This thesis presents a
stabilization of UMSs.The proposed methodologies is based on first order SMC,
adaptive SMC, adaptive backstepping, feedback linearization. In first order SMC
system is transformed, the dimensions of the system increases. In adaptive SMC
system is transformed through input transformation, contains a nominal part
and unknown term, unknown term is adaptively computed. In adaptive
backstepping we use the backstepping approach plus some unknown terms
adaptively computed. In feedback linearization control problem is computed
through feedback linearization plus layapunov function. The proposed techniques
is applied to UMS systems with 2 DOF. The adaptive SMC technique is

applicable to nDOF systems.

6.3 Future Research Directions

Based on such work, certain directions are suggested for future research.

1. Extension of the proposed techniques to the higher order UMSs.
2. Application of proposed algorithms to other UMSs.
3. Apply sliding mode observation techniques to UMSs.

4. Practical implementation of the proposed algorithms.



Bibliography

1]

A. Isidori, “Nonlinear control systems ii. communication and control

engineering,” 1999.

I. Kolmanovsky and N. H. McClamroch, “Developments in nonholonomic
control problems,” IEEE Control Systems Magazine, vol. 15, no. 6, pp. 20—
36, 1995.

R. W. Brockett et al., “Asymptotic stability and feedback stabilization,”
Differential Geometric Control Theory, vol. 27, no. 1, pp. 181-191, 1983.

G. Oriolo and Y. Nakamura, “Control of mechanical systems with second-
order nonholonomic constraints: Underactuated manipulators,” in [1991]
Proceedings of the 30th IEEE Conference on Decision and Control. 1EEE,
1991, pp. 2398-2403.

K. Wichlund, O. Sgrdalen, and O. Egeland, “Control of vehicles with second-
order nonholonomic constraints: Underactuated vehicles,” in In Proc. Third

Fur. Control Conf. Citeseer, 1995.

M. Reyhanoglu, A. van der Schaft, N. H. McClamroch, and I. Kolmanovsky,
“Dynamics and control of a class of underactuated mechanical systems,” IEEE

Transactions on Automatic Control, vol. 44, no. 9, pp. 1663-1671, 1999.

G. Bartolini, A. Pisano, E. Punta, and E. Usai, “A survey of applications
of second-order sliding mode control to mechanical systems,” International

Journal of Control, vol. 76, no. 10, pp. 875-892, 2003.

68



Bibliography 69

8]

[9]

[10]

[13]

[14]

[15]

[16]

Y. Liu and H. Yu, “A survey of underactuated mechanical systems,” IET

Control Theory € Applications, vol. 7, no. 7, pp. 921-935, 2013.

A. M. Bloch, N. E. Leonard, and J. E. Marsden, “Controlled lagrangians and
the stabilization of mechanical systems. i. the first matching theorem,” IEEFFE

Transactions on Automatic Control, vol. 45, no. 12, pp. 2253-2270, 2000.

A. M. Bloch, D. E. Chang, N. E. Leonard, and J. E. Marsden, “Controlled
lagrangians and the stabilization of mechanical systems. ii. potential shaping,”
IEEE Transactions on Automatic Control, vol. 46, no. 10, pp. 15561571,
2001.

M. W. Spong, “Energy based control of a class of underactuated mechanical

systems,” in 1996 IFAC World Congress. Citeseer, 1996, pp. 431-435.

R. Ortega, M. W. Spong, F. Gémez-Estern, and G. Blankenstein,
“Stabilization of a class of underactuated mechanical systems via

interconnection and damping assignment,” IEEFE Transactions on Automatic

Control, vol. 47, no. 8, pp. 1218-1233, 2002.

R. Fierro, F. L. Lewis, and A. Lowe, “Hybrid control for a class of
underactuated mechanical systems,” IEEE Transactions on Systems, Man,
and Cybernetics-Part A: Systems and Humans, vol. 29, no. 6, pp. 649-654,
1999.

M. Zhang and T.-J. Tarn, “A hybrid switching control strategy for nonlinear
and underactuated mechanical systems,” IFEE Transactions on Automatic

Control, vol. 48, no. 10, pp. 1777-1782, 2003.

J. She, A. Zhang, X. Lai, and M. Wu, “Global stabilization of 2-
DOF underactuated mechanical systemsan equivalent-input-disturbance

approach,” Nonlinear Dynamics, vol. 69, no. 2, pp. 495-509, 2012.

Y. Du, W. Cao, M. Wu, J. She, M. Fang, and S. Kawata, “Disturbance
rejection and control system design using improved equivalent-input-

disturbance approach,” IEEFE Transactions on Industrial Electronics, 2019.



Bibliography 70

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

R. Olfati-Saber, “Nonlinear control of underactuated mechanical systems
with application to robotics and aerospace vehicles,” Ph.D. dissertation,

Massachusetts Institute of Technology, 2001.

I. Shah, “Sliding mode based robust control design framework for
underactuated mechanical systems,” Ph.D. dissertation, Capital University

of Science and Technology, Islamabad., 2018.

O. Kolesnichenko and A. S. Shiriaev, “Partial stabilization of underactuated
euler-lagrange systems via a class of feedback transformations,” Systems &

Control Letters, vol. 45, no. 2, pp. 121-132, 2002.

V. Utkin, J. Guldner, and J. Shi, Sliding mode control in electro-mechanical
systems. CRC press, 20009.

C. Edwards and S. Spurgeon, Sliding mode control: theory and applications.
Crc Press, 1998.

A. M. Bloch, M. Reyhanoglu, and N. H. McClamroch, “Control and
stabilization of nonholonomic dynamic systems,” IFEEE Transactions on

Automatic Control, vol. 37, no. 11, pp. 1746-1757, 1992.

H. J. Sussmann, “A general theorem on local controllability,” SIAM Journal

on Control and Optimization, vol. 25, no. 1, pp. 158-194, 1987.

Y.-L. Gu, “A direct adaptive control scheme for under-actuated dynamic
systems,” in Proceedings of 32nd IEEE Conference on Decision and Control.

IEEE, 1993, pp. 1625-1627.

M. W. Spong, “Partial feedback linearization of underactuated mechanical
systems,” in Proceedings of IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS’94), vol. 1. TEEE, 1994, pp. 314-321.

A. De Luca, R. Mattone, and G. Oriolo, “Control of underactuated
mechanical systems: Application to the planar 2r robot,” in Proceedings of
35th IEEE Conference on Decision and Control, vol. 2. TEEE, 1996, pp.
1455-1460.



Bibliography 71

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

H. Arai and S. Tachi, “Position control of manipulator with passive joints
using dynamic coupling,” IEEE Transactions on Robotics and Automation,

vol. 7, no. 4, pp. 528-534, 1991.

M. W. Spong, “On the robust control of robot manipulators,” IFEFE
Transactions on Automatic Control, vol. 37, no. 11, pp. 1782-1786, 1992.

J.-H. Shin and J.-J. Lee, “Trajectory planning and robust adaptive control for
underactuated manipulators,” FElectronics Letters, vol. 34, no. 17, pp. 1705—

1706, 1998.

C.-Y. Su and Y. Stepanenko, “Adaptive variable structure set-point control
of underactuated robots,” IEEE Transactions on Automatic Control, vol. 44,

no. 11, pp. 2090-2093, 1999.

A. De Luca, S. Iannitti, R. Mattone, and G. Oriolo, “Control problems in
underactuated manipulators,” in 2001 IEEE/ASME International Conference
on Advanced Intelligent Mechatronics. Proceedings (Cat. No. 01TH8556),
vol. 2. IEEE, 2001, pp. 855-861.

E. Garcia Armada, M. A. Jiménez Ruiz, P. Gonzalez de Santos, and
M. Armada, “The evolution of robotics research: From industrial robotics to
field and service robotics.” Institute of Electrical and Electronics Engineers,

2007.
N. P. I. Aneke, “Control of underactuated mechanical systems.” 2003.

M. De Stefano, R. Balachandran, A. M. Giordano, C. Ott, and C. Secchi,
“An energy-based approach for the multi-rate control of a manipulator on

an actuated base,” in 2018 IEEE International Conference on Robotics and

Automation (ICRA). 1EEE, 2018, pp. 1072-1077.

A. Shiriaev, H. Ludvigsen, O. Egeland, and A. Pogromsky, “On global
properties of passivity based control of the inverted pendulum,” in Proceedings
of the 38th IEEE Conference on Decision and Control (Cat. No. 99CHS36304),
vol. 3. IEEE, 1999, pp. 2513-2518.



Bibliography 72

[36]

[37]

[39]

[41]

[42]

[43]

[44]

[. Fantoni, R. Lozano, and M. W. Spong, “Energy based control of the
pendubot,” IEEE Transactions on Automatic Control, vol. 45, no. 4, pp.
725-729, 2000.

J. G. Romero, A. Donaire, R. Ortega, and P. Borja, “Global stabilisation of
underactuated mechanical systems via PID passivity-based control,” IFAC-

PapersOnLine, vol. 50, no. 1, pp. 9577-9582, 2017.

G. Xun and X. Dongfu, “Attitude stability control of quad-rotor aerial
robot base on controlled lagrangian method,” in 2015 34th Chinese Control
Conference (CCC). 1EEE, 2015, pp. 963-966.

R. Ortega, A. Van Der Schaft, B. Maschke, and G. Escobar,
“Interconnection and damping assignment passivity-based control of port-
controlled hamiltonian systems,” Automatica, vol. 38, no. 4, pp. 585-596,

2002.

G. Cordero, V. Santibanez, A. Dzul, and J. Sandoval, “Interconnection
and damping assignment passivity-based control of an underactuated 2-DOF
gyroscope,” International Journal of Applied Mathematics and Computer

Science, vol. 28, no. 4, pp. 661-677, 2018.

E. C.-Y. Yang, P. C. Chao, and C.-K. Sung, “Optimal control of an under-
actuated system for landing with desired postures,” IEEE Transactions on

Control Systems Technology, vol. 19, no. 2, pp. 248-255, 2010.

Y. S. Song and M. R. Arshad, “Robust optimal depth control of hovering
autonomous underwater vehicle,” in 2017 IEEFE 2nd International Conference
on Automatic Control and Intelligent Systems (I2CACIS). 1EEE, 2017, pp.
191-195.

M. Krstic and P. Tsiotras, “Inverse optimal stabilization of a rigid spacecraft,”

IEEFE Transactions on Automatic Control, vol. 44, no. 5, pp. 1042-1049, 1999.

G. Rigatos, K. Busawon, J. Pomares, and M. Abbaszadeh, “Nonlinear optimal
control for the wheeled inverted pendulum system,” Robotica, pp. 1-19, 2019.



Bibliography 73

[45]

[46]

[47]

[48]

[51]

[52]

[53]

N. B. Almutairi and M. Zribi, “Sliding mode control of a three-dimensional
overhead crane,” Journal of Vibration and Control, vol. 15, no. 11, pp. 1679—

1730, 2009.

——, “On the sliding mode control of a ball on a beam system,” Nonlinear

Dynamics, vol. 59, no. 2, p. 221, 2010.

R. Xu and U. Ozgiiner, “Sliding mode control of a class of underactuated

systems,” Automatica, vol. 44, no. 1, pp. 233-241, 2008.

G. J. Su, Q. L. Gong, and H. Y. Li, “Adaptive sliding-mode control based on
decoupled method for a class of underactuated system,” in 2017 36th Chinese
Control Conference (CCC). 1EEE, 2017, pp. 639-643.

W. Wang, J. Yi, D. Zhao, and D. Liu, “Design of a stable sliding-
mode controller for a class of second-order underactuated systems,” IEEFE
Proceedings-Control Theory and Applications, vol. 151, no. 6, pp. 683-690,
2004.

G. Zhao, C. Zhao, and J. Cheng, “Decoupled terminal sliding-mode control
for a class of under-actuated mechanical systems with hybrid sliding surfaces,”
International Journal of Innovative Computing, Information and Control,

vol. 10, no. 6, pp. 2011-2023, 2014.

M. Idrees, S. Ullah, and S. Muhammad, “Sliding mode control design for
stabilization of underactuated mechanical systems,” Advances in Mechanical

Engineering, vol. 11, no. 5, p. 1687814019842712, 2019.

Z.-P. Jiang, D. J. Hill, and Y. Guo, “Stabilization and tracking via output
feedback for the nonlinear benchmark system,” Automatica, vol. 34, no. 7,

pp. 907-915, 1998.

J. Hauser, S. Sastry, and P. Kokotovic, “Nonlinear control via approximate
input-output linearization: The ball and beam example,” IEEE Transactions

on Automatic Control, vol. 37, no. 3, pp. 392-398, 1992.



Bibliography 74

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

M. W. Spong, “The swing up control problem for the acrobot,” IEEE Control
Systems Magazine, vol. 15, no. 1, pp. 49-55, 1995.

J. Zhao and M. W. Spong, “Hybrid control for global stabilization of the
cart—pendulum system,” Automatica, vol. 37, no. 12, pp. 1941-1951, 2001.

Y. Fang, W. E. Dixon, D. M. Dawson, and E. Zergeroglu, “Nonlinear coupling
control laws for an underactuated overhead crane system,” IEEE/ASME
Transactions on Mechatronics, vol. 8, no. 3, pp. 418-423, 2003.

W. Zhong and H. Rock, “Energy and passivity based control of the double
inverted pendulum on a cart,” in Proceedings of the 2001 IEEE International
Conference on Control Applications (CCA’01)(Cat. No. 01CH37204). 1EEE,
2001, pp. 896-901.

X.-Z. Lai, J.-H. She, S. X. Yang, and M. Wu, “Comprehensive unified control
strategy for underactuated two-link manipulators,” IFEE Transactions on

Systems, Man, and Cybernetics, Part B (Cybernetics), vol. 39, no. 2, pp.
389-398, 2008.

T. Albahkali, R. Mukherjee, and T. Das, “Swing-up control of the pendubot:
an impulse-momentum approach,” IEFE Transactions on Robotics, vol. 25,

no. 4, pp. 975-982, 2009.

R. Jafari, F. B. Mathis, and R. Mukherjee, “Swing-up control of the acrobot:
An impulse-momentum approach,” in Proceedings of the 2011 American

Control Conference. IEEE, 2011, pp. 262-267.

M. T. Ravichandran and A. D. Mahindrakar, “Robust stabilization of a
class of underactuated mechanical systems using time scaling and lyapunov

redesign,” IFEE Transactions on Industrial Electronics, vol. 58, no. 9, pp.

4299-4313, 2011.

Y .-F. Chen and A.-C. Huang, “Controller design for a class of underactuated
mechanical systems,” IET Control Theory € Applications, vol. 6, no. 1, pp.
103-110, 2012.



Bibliography 75

[63] A.-C. Huang, Y.-F. Chen, and C.-Y. Kai, Adaptive Control of Underactuated
Mechanical Systems. World Scientific, 2015.

[64] Q. Khan, “Stabilization of underactuated mechanical system using adaptive

sliding mode control,” Ph.D. dissertation, CAPITAL UNIVERSITY, 2018.



	Author's Declaration
	Plagiarism Undertaking
	Acknowledgements
	Abstract
	List of Figures
	Abbreviations
	Symbols
	1 Introduction
	1.1 Background and Motivation
	1.2 Modeling of Underactuated Mechanical   Systems
	1.3 Problem Statement and Research Objectives
	1.4 Thesis Organization

	2 Literature.Review
	2.1 Introduction
	2.2 Theoretical Challenges in the Controleof   Underactuated Mechanical Systems
	2.3 Control Design Approaches for UMS
	2.4 Examples Underactuated Mechanical   Systems
	2.4.1 Acrobot and Pendubot
	2.4.2 Cart-Pole System
	2.4.3 Ball and Beam System
	2.4.4 Translational Oscillator with Rotational Actuator   System (TORA)


	3 Stabilization of Underactuated Systems: Feedback Linearization Technique
	3.1 Problem Statement
	3.2 The Proposed Control Algorithms
	3.2.1 First Method

	3.3 Application to Underactuated Mechanical  Systems
	3.3.1 Cart-Pole System
	3.3.2 Second Method

	3.4 Application to Underactuated Mechanical  Systems
	3.4.1 Cart-Pole System
	3.4.2 Cart-Pole System


	4 Stabilization of Underactuated Systems: Adaptive Backstepping Technique
	4.1 Control Problem
	4.2 The Proposed Control Algorithm
	4.3 Application to Underactuated Mechanical   Systems
	4.3.1 Overhead Crane System
	4.3.2 TORA System


	5 Stabilization of Underactuated Systems: Sliding Mode Control
	5.1 Introduction
	5.2 Problem Statement
	5.3 The Proposed Control Algorithms
	5.3.1 First Order Sliding Mode Control
	5.3.1.1 2DOF Systems


	5.4 Application to Underactuated Mechanical   Systems
	5.4.1 Cart-Pole System
	5.4.2 Adaptive Sliding Mode Control
	5.4.2.1 2DOF Systems
	5.4.2.2 3DOF Systems


	5.5 Application to Underactuated Mechanical   Systems
	5.5.1 Overhead Crane System
	5.5.2 Double Inverted Pendulum System


	6 Conclusion and Future Work
	6.1 Performance Analysis
	6.2 Conclusion
	6.3 Future Research Directions

	Bibliography

